We investigate the influence of the spacetime curvature on the interference of the radiation emitted by an ensemble of scalar sources in circular motion around a Schwarzschild black hole. We pay particular attention to the transition from the radiating to the non-radiating regime as the number of sources increases.
I. INTRODUCTION
Astrophysical evidences for the presence of black holes in certain X-ray binary systems as well as in the center of many galaxies are mounting [1] . The fact that many observational data on black holes come from photons emitted by surrounding matter has motivated a more detailed investigation of radiation processes in these non-trivial backgrounds. In the early seventies, Misner and collaborators championed a research program focusing on the synchrotron radiation emitted by fast moving charges orbiting black holes [2, 3] . Since then, related studies have been pursued in various situations of interest in both classical and quantum frameworks (see, e.g., Refs. [4] - [9] and references therein). In all these papers, however, attention was restricted to the radiation emitted by individual sources. As we are often interested in physical situations where a large number of charges are present (e.g., in accretion disks of compact objects), a more comprehensive analysis considering the combined emission of various sources would be welcome. In this paper, we investigate the scalar radiation emitted by an ensemble of sources in geodesic orbits around a Schwarzschild black hole. We focus on the effect of the spacetime curvature on the radiation interference and pay particular attention to the transition from the radiating to the non-radiating ("magnetostatic") regime as the number of sources increases.
The paper is organized as follows. In section II, we present the quantum field theory framework in which we work and establish the general formulas which will be used further to calculate the observables of interest. In section III, we apply the previous section results to investigate the scalar radiation emitted by certain source configurations and discuss the corresponding interference effects. Section IV is dedicated to our final remarks. We assume natural units c = = G = 1 (unless stated otherwise) and metric signature (+ − −−). * Electronic address: rfpm@ift.unesp.br † Electronic address: matsas@ift.unesp.br
II. GENERAL FRAMEWORK
The spherically symmetric vacuum solution of Einstein equations describing a black hole with mass M is
where f (r) = 1 − 2M/r. Now, we introduce N point scalar sources in uniform circular motion composing a thin disk at the equatorial plane, θ = π/2, with fourvelocities
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where i = 1, . . . , N labels the sources, R i denotes the radial coordinates, and Ω i stands for the constant angular velocities as defined by asymptotic static observers. The corresponding total source density is given by
where
and dσ i is the proper 3-volume element orthogonal to u µ i . Here g ≡ det(g µν ) and λ i = const defines the initial angular positions.
We minimally couple j(x µ ) to a real massless scalar fieldΦ according to the interaction Lagrangian density
The free scalar field operatorΦ satisfies the massless Klein-Gordon equation Φ = 0 and can be expanded in terms of creation a † αωlm and annihilation a αωlm operators aŝ
Here ω ≥ 0 denotes the scalar particle frequency, l ≥ 0 is the azimuthal angular momentum quantum number, m ∈ [−l, l], α labels outgoing modes (α =→) from the past white hole horizon H − and incoming ones (α =←) from the past null infinity J − . The positive-frequency orthonormal solutions (with respect to the Klein-Gordon inner product [10] ) satisfying u αωlm = 0 are denoted by 6) where Y lm (θ, ϕ) are the usual spherical harmonic functions and ψ α ωl satisfy the differential equation
with
For the sake of further convenience, it is useful to note that the scattering potential V M (r) associated with Minkowski spacetime can be obtained from V S (r) by vanishing the black hole mass M in Eq. (2.8):
In contrast to the Schwarzschild case where ψ α ωl can be expressed in terms of simple functions only in the low-and high-frequency regimes, the (single) set of normalizable radial functions in the Minkowski case can be written in terms of usual spherical Bessel functions as ψ M ωl (r) = rj l (ωr) for all ω. In the low-frequency regime, the leading terms of the radial functions in the Schwarzschild case are (up to an arbitrary phase) [14] 10) where P l (x) and Q l (x) are Legendre functions. In the high-frequency regime, good results can be obtained using the WKB method [9] : 12) where x ≡ r/2M + ln(r/2M − 1) is the dimensionless tortoise radial coordinate and κ ωl ≡ 2M V S (x) − ω 2 ≡ ik ωl . Here, we have defined
and the barrier factor
where x − and x + stand for the classical turning points satisfying V S (x ± ) = ω 2 . The WKB method guaranties good results as long as k −1 ωl d(ln k ωl )/dx ≪ 1 but it is worthwhile to keep in mind that full numerical calculations show that this approximation satisfactorily captures the qualitative behavior of the radial functions in the low-frequency sector besides leading to excellent results in the high-frequency regime [9] .
Our main observable of interest will be the emitted total power
is the total time as measured by asymptotic observers [11] , and
is the emission amplitude at the tree level associated with the emission of a scalar particle with quantum numbers (α, ω, l, m) into the Boulware vacuum. We note that sources with Ω i = const give rise to terms proportional to δ(ω − mΩ i ) in the amplitude A αωlm . Thus, W (N ) will have no contributions coming from m ≤ 0 if we assume that Ω i > 0. This is already codified in Eq. (2.15).
III. RADIATION EMISSION AND INTERFERENCE
We now apply the formalism above to analyze the radiation emission from an ensemble of point sources in geodesic circular motion around a Schwarzschild black hole. In this case, the corresponding angular velocities Ω i are related with the radial coordinates R i by
It is particularly illuminating to investigate first the radiation interference restricting the number of sources to two, while allowing for an arbitrary angular separation between them. Afterwards, we consider a system of N sources equally spaced around an orbit, which will be suited to our discussion about the transition from the radiating to the non-radiating regime. We shall compare the results obtained in Schwarzschild and Minkowski spacetimes in order to extract the very influence of the spacetime curvature in the interference phenomenon.
A. Two scalar sources
Let us introduce a two-scalar source system by writing
, where j i (i = 1, 2) is given by Eq. (2.3). We define q 1 ≡ q and q 2 = ±q, where the choice between "+" and "−" will simulate "charged" and "neutral" configurations, respectively. By fixing λ 1 = 0 and λ 2 ≡ λ, we have
The emitted power W (2) αlm , as given by Eq. (2.16), can be cast as
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is the power emitted by each source i = 1, 2 separately and
is the interference term associated with the two-scalar source system. The δ(mΩ 2 − mΩ 1 ) term implies that interference effects will only appear when
(This is so because in this case there is a well-defined phase relationship between the emitted waves.) Hence, for sources in geodesic motion belonging to a thin disk, the interference term (3.5) will only contribute when the sources share the same orbit:
. We restrict our attention to this case, since the one where the sources do not share the same orbit does not offer a major challenge (once contributions coming from each source are summed up incoherently in the total power). The total power (2.15) associated with a two-scalar source system where the sources at r = R have angular velocities Ω and are separated by an angle λ can be calculated using Eq. (3.3):
In Fig. 1 , we plot the total emitted power W (2) as a function of Ω for several angular separations λ. For the sake of visual clarity, we only consider sources at stable circular geodesics, R ≥ 6M . (For 3M < R < 6M the same monotonic increase is observed.) We see that for the neutral configuration, the power is the largest for λ = π (largest dipole moment) and goes to zero as λ decreases. In the λ → 0 limit, superposed sources, no radiation is emitted, as expected. On the other hand, for the charged configuration, the emitted power is maximum for λ = 0 and minimum for λ = π, in which case W (2) α11 = 0 and the dominant multipole contribution comes from l = 2. In order to plot Fig. 1 , we have used the low-frequency approximation given by Eqs. (2.9)-(2.10) for ψ α ωl , since particles radiated away by sources at R ≥ 6M will typically possess frequencies ω satisfying
(We recall that for R ≥ 6M , the emitted radiation is dominated by waves with small m (see, e.g., Ref. [5] ).) However, as the sources approach the innermost geodesic circular orbit, R = R γ ≡ 3M , higher angular momentum contributions become increasingly important and the summations in Eq. (2.15) must be carried over larger values of m and l. A useful relationship estimating the typical value of the magnetic quantum number, m typ , carried by scalar particles radiated from relativistic sources at R 3M (i.e., Ω Ω γ = M −1 / √ 27 , where Ω γ is the angular velocity of light rays at R = R γ ) is provided by In Fig. 2 , we plot the power
as a function of m (l = m) and verify that Eq. (3.7) is in good agreement with the typical angular momentum radiated away. (Here, the WKB relations (2.11)-(2.12) were used for the radial functions ψ α ωl (x).) As R approaches 3M , m typ grows unboundedly and the number of relevant terms that must be considered in the summation of Eq. (3.6) increases accordingly.
In Fig. 3 , we plot the total power W (2) as a function of λ assuming neutral and charged configurations for the cases where the sources have small (M Ω ≪ M Ω γ ≈ 0.19) and large (M Ω M Ω γ ≈ 0.19) angular velocities. In the small Ω case, the curves are seen to be roughly proportional to 1 ± cos λ following a dipole pattern [13] . This is not so, however, in the large Ω case, where the various multipole contributions drive the curves to become nontrivial. We note, in particular, that interference effectively vanishes for large enough λ in this case (in the sense that the various multipole terms combine in such a way that both sources emit as if they were independent from each other), driving charged and neutral configurations to behave similarly.
Interference effects are expected to be important when the typical radiation wavelength 1/ω typ is of order or larger than the distance λR between the sources. This leads to the following interference condition:
where we have used that ω typ = Ω m typ and R = (M/Ω 2 ) 1/3 . Thus, for sources with Ω Ω γ (i.e., at R 3M ), Eq. (3.7) implies that we should not expect interference unless the sources are quite close to each other. Fig. 4 exhibits the W (2) /(2W (1) ) ratio as a function of Ω for several angular separations λ, where we recall that W (2) denotes the total power emitted by the two-source system as given by Eq. (3.6), while 2W
(1) is twice the total power emitted by a single source. (We fix Ω to be the same in both cases.) Deviations from the unity indicate constructive (W (2) /(2W (1) ) > 1) and destructive (W (2) /(2W (1) ) < 1) interference. We can see from this graph how W (2) /(2W (1) ) approaches the unity as Ω gets closer to Ω γ and interference tends to effectively vanish.
In order to investigate the role played by the spacetime curvature on interference, we must compare W (2) /(2W (1) ) as calculated in Schwarzschild (S) and Minkowski (M) spacetimes, namely:
where W
M is the total power emitted by a single source as computed in Minkowski spacetime assuming Newto- 
FIG. 4:
The ratio between the total power emitted by the twosource system and twice the total power emitted by a single source,
, is plotted as a function of Ω for several angular separations λ. As Ω approaches Ωγ (M Ωγ ≈ 0.19), this ratio goes to 1 for every λ, implying that distinct sources emit irrespectively to each other for large enough Ω. Here, Eqs. (2.11)-(2.12) were used for the radial functions.
nian gravity. In this case, we relate the angular velocity Ω with the radial coordinate R using the Kepler law, which formally reads as in Eq. (3.1) although we should keep in mind that in the flat spacetime case all quantities refer to Cartesian coordinates rather than to Schwarzschild ones. W (2) M is defined accordingly for a two-source system. Rather than plotting Eq. (3.9), we exhibit in M carries information about the curvature influence on interference as discussed in the context of Eq. (3.9). This is interesting to note that the term 1 ± cos(mλ) codifying the λ dependence in Eq. (3.6) is the same in Minkowski and Schwarzschild spacetimes because the angular structure of the corresponding metrics (which is the relevant feature here) is identical in both cases. The nontriviality of Fig. 5 comes from the fact that as one computes the total power, the sum in the quantum number m couples the 1 ± cos(mλ) term to the radial functions, which are distinct in the curved and flat spacetimes. For low enough angular velocities (see M Ω = 0.001), only the l = 1 contribution is relevant and such coupling is "weak". This is reflected in a small variation of the W M becomes nontrivial. Thus, despite the fact that the same 1 ± cos(mλ) dependence appears in Schwarzschild and Minkowski cases, the coupling of this term to the proper radial functions generates a nontrivial interplay between spacetime geometry and interference.
B. N scalar sources
In this section we are interested in investigating the transition from the radiating to the non-radiating regime as the number of sources N increases. They are assumed to be free and orbit the black hole with same angular velocity Ω (r = R). The N -source system will be described by
and
for charged and neutral configurations, respectively, where λ = 2π/N , i.e. the sources are equally spaced around the orbit. In the charged configuration, all sources have the same coupling q, while in the neutral one sources with +q and −q appear alternately around the orbiting circle (N is assumed even here). The total power W (N ) [a] (a = +, 0) emitted by these N -source systems can be calculated:
αlm is given in Eq. (3.8) and the interference factor can be cast as [a]m is twofold: on one hand, it increases the power by a factor of N 2 and, on the other one, it restricts the sum in Eq. (3.12) to just a few significant terms: m = N, 2N, ... for the charged configuration and m = N/2, 3N/2, ... for the neutral one. Thus, for low angular velocities (in which case only small multipoles are relevant) the emitted total power goes quickly to zero as the number of sources N increases. Notwithstanding, if Ω Ω γ , higher multipoles get important and the power radiated by a larger number of sources can be significant. In Fig. 6 , we show the total emitted power W (N ) [a] as a function of N for two angular velocities in the highfrequency regime assuming neutral and charged configurations. We note that, as the orbit approaches the innermost circular geodesic, the number of sources which maximize the emitted power increases as well as the range of N for which emission is significant. We also note that, for a given N , the neutral configuration radiates typically more than the charged one. For large enough N , however, interference takes control damping the emitted radiation.
In Fig. 7 , we compare the total emitted power W with N times the total power emitted by a single source W (1) for two angular velocities in the high-frequency regime assuming neutral and charged configurations by plotting W (N )
[a] /(N W (1) ). For small enough N , we see that W (N )
[a] /(N W (1) ) ≈ 1, indicating that the contribution coming from each source is mostly independent from each other. As N → ∞, however, interference becomes important and we recover the non-radiating regime. It is also interesting to note from Fig. 7 the existence of a region in which interference is constructive (W (N ) /(N W (1) ) > 1) for the neutral configuration in contrast to the charged case.
The fact that interference effects should become important when the wavelengths of the emitted waves (of the order 1/ω typ ) are larger than the distance 2πR/N between the sources allows us to estimate the numberN above which interference cannot be neglected: 
IV. FINAL REMARKS
We have considered the radiation emitted by an ensemble of scalar sources in circular geodesic orbits around a Schwarzschild black hole. Interference associated with the emitted radiation was investigated and particular attention was given to the role played by the spacetime curvature. The non-radiating regime is recovered as the number of sources N increases. Finally, a simple useful result can be derived as follows: the power emitted by a scalar source following ultrarelativistic circular orbits in Schwarzschild spacetime can be estimated to be
when R ≡ (3 + δ)M and 0 < δ ≪ 1. As a consequence, we get that the total emitted power associated with N sources will be W
[a] ≈ N W
(1) δ for N ≪N and W
[a] ≈ 0 for N ≫N .
The radiation component coming from the collective rotational motion of charges in highly ionized accretion disks orbiting black holes should be mostly damped by interference effects as the disk lies in the R > 6M region. However, in the short time interval which charges spend at R < 6M , the role played by interference should decrease as highly energetic radiation is emitted, in accordance with our results.
